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Lecture on Frozen-Density Embedding Theory (FDET) at QIF23

e Notation, terminology, statement of the problem
@ What we will need for this lecture?
@ What is FDET about?

e Variants of FDET
@ Density functionals defined in constrained search
@ FDET for variational embedded wavefunction and interacting Hamiltonian

@ W, of a Full Configuration Interaction form
@ WV, of a single determinant form

e Approximations for numerical applications
@ Upper bound of E‘[,)AB from FDET
@ Excited states

@ State-independent pg
@ State-specific ps
@ Approximating the T7?9[pa, pg] component of Ef39[pa, pgl

e Combining physical laws for different scales in FDET
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Notation, terminology, statement of the problem

What we will need for this lecture?
What is FDET about?

@ Variational principle in QM:

nin, (WIAY) = (VIAVT) = €7

@ Perturbation theory (first order):
For two N-electron Hamiltonians (I:I/ and I:I) with WO being the ground-state
wavefunction for H:

E°—E° = <\IIO|I:I/ — I:I|\IJO> + higher orders

E/O _ EO

/p"(r) (v/(r) — v(r)) dr + higher orders «+— if A’ — H is a potential
@ Density Functional Theory:

\Lnin <\II|I:IV\\II> = E/f[p] <— The Hohenberg-Kohn density functional
—p

/ﬂr}v EMK[pl = EFK[p°] = E?  «— The second Hohenberg-Kohn theorem
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Notation, terminology, statement of the problem
What we will need for this lecture?
What is FDET about?

Functional derivative of a functional F|[p]

Sp(r) — h—=0 h

for any admissible function g(r)

Attention " false friend”! usually F[p] # [ ve[p](r) - p(r)dr

QIF23 Lédz, Poland, June 21-24, 2023



Notation, terminology, statement of the problem

What we will need for this lecture?
What is FDET about?

The functional E/[p] for p # p

min <‘UAB|’:/AB|\UAB> = E\Z\’; [pag]
Vag—paB

Notation: Nag - number of electrons (Nag = Na + Np), vap - external potential (vag = va + vg).

Why to consider E‘Z’f; [pag] for other densities than the ground-state density?

vAB
Perdew-Levy theorem on extrema of EFX[p]

@ The E/[pag] might have other stationary points than pOAB

@ Behaviour of E‘Z’; [paB] at pag =~ pr

response theory, reactivity indices, numerical algorithms:

@ Minimisation of E‘Z*; [pag] with additional constraints imposed on pag
Case of FDET: the constraint is Vrpag(r) > pg(r)
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Notation, terminology, statement of the problem
ill need for this lecture?

What is FDET about?

Why this constraint: Vrpag(r) > pg(r)?

Frequently, we know something about the total density and we would like to use thus
knowledge in setting up a numerical simulation:

~ unknown known
PAB = Pa + pg
@ Core-valence separation:
p’g’"""” - density of core electrons, pj‘"k”"""” density of valence electrons

@ Multi-level/multi-scale simulations:
pj’{’k”"""" obtained from embedded N4 electron wavefunction (W4 with
Na < Nag) and pg from experiment or from inexpensive methods.

We cannot assure, however, that there exists such py that
e (pal) + PE(0) = 1,5()

the functional E‘Z’; [pag] must be considered for other than ground-state densities.
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Notation, terminology, statement of the problem

What we will need for this lecture?

What is FDET about?

Frozen-Density Embedding Theory (FDET) concerns the constrained optimi-
sation of the Hohenberg-Kohn functional:

FDET . HK
Energy = p(r)nlleB Evysle]
Vrp(r)=pp(r)

Note the difference with the second Hohenberg-Kohn theorem:

EC = min E!K
vas = i Eug (o]
Energy PET is thus the lowest possible energy (not necessarily EBAB = Ej;’\’; [pOAB]) for

the total density constructed as pag = pa + p‘g"’""".

Since good approximations for the explicit density functional (EFK[p] ~ EFK[p]) do
not exist, the constrained optimisation problem must be formulated not for ps but for
some auxiliary quantum mechanical descriptors for the embedded N, electrons.
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Notation, terminology, statement of the problem

Examples of relations between quantum mechanical descriptors (Xag) and E‘Z’; [paB]

for a system of Nup electrons in an external potential vag(r)

@ Xap = pag (Orbital-free DFT):

: HK HK 0 0
PABnT’?VAB E‘/AB [pAB] = EVAB [pAB] = EVAB

@ Xap = ®KS (Kohn-Sham DFT):

. A 1
min  (SSFIAEI0E) — ESIoel + [ Ao ucldholdr — Eclosl + 5 (%]

XS —Nag

@ Xag = Wag (Variational methods - interacting Hamiltonians):

. Wan|BaplW >: EHK 1,0
WA;TL”}VAB< aglHag|Vas VAB[PAB]

@ Xag = ¢:E, Efor (Non-variational methods - interacting Hamiltonians):

- HF | [ HF HK[ 0 corr
min <¢AB|HAB|¢AB> = E [oasl — El s
SHE—Nag
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Notation, terminology, statement of the problem

What we will need for this lecture?
What is FDET about?

The basic equality enforced in the construction of the FDET energy functional

EHK

FOET (X3, pg) = EPS[p= p(XF™) + psl

Energy

@ X, is a quantum mechanical descriptor (or descriptors) for Na < Njg electrons,
which is (are) available in multi-level level simulations (Kohn-Sham orbitals,
embedded wavefunction, correlation energy, density matrix, etc.). The
subsystem for which Xy is used as a descriptor will be labelled as quantum
system.

@ pp(r) is a non-negative function such that [ pg = Ng = Nag — Na. The
subsystem for which pg is used as a descriptor will be labelled environment.

@ The total density p(F) is constructed in the bottom-up way using the available
quantum mechanical descriptor for N, electrons and a given pg:

p = pa(Xa)+ ps
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Notation, terminology, statement of the problem

What need for this lecture?
What is FDET about?

The descriptor X4, for which the basic energy equality of FDET holds, is obtained in
the constrained minimisation of E\ZB [o]:

N4 —electron problem Ny —electron problem
FDET i . FDET : HK
Energy ™" (X3, pg) = min Energy " (Xa,pg) =  min  E/_[p]
Xa—Na p(—>Nag
Vrp(r)=pp(r)

@ Nothing is over- or undercounted: the basic FDET equality for energy
@ Any theory - classical or quantum - can be used to generate pg

@ Optimal X4 from the Euler-Lagrange equation

From now on, we consider some arbitrary splitting of the total external potential
(vag = va + vg) defining the Hamiltonian A, and the functional E Klps].
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

USA, 76 (1972) 6

_min <lTI|'f' aF \768\‘11> = <®°[p]\'f' aF Vee|®°[p]> = T[p] + Vee[p] +— variational principle
V——p

V¥ is N — representable

) <\U5|T|\U5> = <\D;’[p]|f|®g[p]> =  T.fp] «— Kohn — Sham DFT (Levy)

=

Vs is single — determinant : Vs = ¢

Eell = Veelol - / / "(')” e 1 Tae]

Ec[o] TIp] + Veelp] = _min <®\T+ vee|¢>

For FDET:

Ext [on, pa) 7% [pa, pg] + EZ [p4, £B)

where
£ [pas pe]

T2 loaspe]l = Tslpa+pgl = Ts [pal — Ts [og]
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

Case of variational embedded wavefunction and interacting Hamiltonian

Embedding a multi-determinantal wavefunction in orbital-free environment

[Wesolowski, Phys. Rev. A, 77 (2008) 012504]
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

The total energy functional (Full Cl form of W 4)

EFDET

o . oFDET d
vag Waspel = (ValHa+ Oepp [pa; pBivelIVa) + Exerlpas pBl

— [ (2%10m p81(0) paG)r + EL (o] + Valps]

|
v

W9 from Euler-Lagrange equation

SEFDET

vag [Vaspsl

_ A ~ee - ~FDET . _
v, —AWa =0 — [Tu, + Vi + Va+ 0t [oas i vl Wa=AW4

with the multiplicative embedding operator (embedding potential)

GFDET  _ FDET
Vemb = Vemb  [PA> PB; vBI(F)
r Enad
- )+ pe(’) v SELT [p: p6l
[v —r| dp(r) oA (N=(W 4|
pM)=pA(N=(VAlAl¥A)
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

The total energy functional (W ® 5 <+ single determinant form)

FDET ~FDET d
E g [®aipBl = (DalFa+ Vmb ' [pas pBi vBlIPA) + Exerloas pl + Eclpal
d
= [ (451pa psl0)+vcloal) paGr + Ef 5]+ Valps]
y
9 from Euler-Lagrange equation

SE;OET [0, pB]
sen APy =0 —> [TNA + Vit Va obr T o pB: VB]] Pa=Ady

with the multiplicative embedding operator (embedding potential)

~FDET
Vemb

Vi (A, pB, vBI(Y)
Enad

/ ) s Eclp
B(r)+/ lpB(_r ) 4 ( xel [péz‘;r])+ lr A])

p()=pA(r)=(PalA|®4)
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

FDET for other descriptors obtained variationally

@ FDET for embedded reference non-interacting system: Xs = ¢§5
Wesolowski & Warshel J. Phys. Chem. 97, (1993) 8050

@ FDET for embedded one-matrix: Xg = va
Pernal & Wesolowski, /JQC, 109 (2009) 2520
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

Variational methods - Summary

The above variants of FDET provide thus the exact formulation of the embedding
problem for multiplicative embedding potentials.

The basic FDET equality:

min EFDET(XA)

FDET(Xy) [
XAaN, VAB AB

HK
[Xa, pg] = E, X3:p8] = Eyyp[oa + P8l

is satisfied for any of the considered above descriptors if obtained from variational methods to solve the corresponding
FDET eigenvalue equation.

From the practical points of view:

\L XA = \UEUH Configuration Interaction _ not practical,

\L XA - \U}‘runcated Configuration Interaction _ not used commonly,

1 Xa= ¢'§mgle Determinant _oq,)ires approximations to E¢|p]
(not much success so far)

T Xa= (DES - quite successful used by us and others since introduction in 1993.
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Variants of FDET Density functionals defined in constrained search
FDET for variational methods

Non-variational methods to solve FDET eigenvalue equation

On the correlation potential in frozen-density embedding theory

[Wesolowski, J. Chem. Theor. & Comput., 16 (2020) 6880]
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Variants of FDET Density functionals defined in constrained search

FDET for variational methods

FDET eigenvalue equation:
ﬁ'/vA + VR + Va+ 0L [pa, pB; VB]] Wy =AWy
The basic equality of FDET:

H FDET _ pFDET _ pHK[ 0
W?_‘:}VA EVAB [wAv pB] - EVAB [\Uflv ﬂB] - E\/AB [pA + PB]

is satisfied only if W4 (or any other descriptor) is obtained variationally AND for
self-consistent embedding potential.

Which py4 to use in vFOET[p4, pg; vg] and how to use the obtained X and pa(r) =

(Wa|A|W,A) in non-variational calcultions to obtain the energy consistent with the
Hohenberg-Kohn functional?

Several authors (Carter, Neugebauer, Hoffener, and others) developed methods, in which various arbitrary
additional approximations are made in the FDET eigenvalue equation and non-variational methods to solve it. The

choices were motivated by numerical significance or "intuition"”.
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Variants of FDET Density functionals defined in constrained search

FDET for variational methods

Theorem (the variant for single reference methods)
Wesolowski, J. Chem. Theor. & Comput., 16 (2020) 6880

HK FDET 50 e " .0 ' d 0
e ELOET 8% pal + £ — [ 4500 ([ 86520155 pelte, e’ ) ai

+  o(a%p)

where,

V(1) = va(r) + vims 153 i vi1(r)

52 Enad [p p }
fnad /Y — xct 'FB
xct [p7 pB] (l’, r ) 5p(r)5p(r’)

and where ApS, (r) and E\f, is the correlation correction to density and to energy in the
auxiliary Na-electron system defined by a fixed external potential v/(r).

The equality holds if the embedded determinant is obtained variationaly and at
self-consistent embedding potential!
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Variants of FDET Density functionals defined in constrained search

FDET for variational methods

Theorem (the variant for multi-reference methods)
Wesolowski, J. Chem. Theor. & Comput., 16 (2020) 6880

(dynamic)

HK [ o FDET i;MR
E glpa + rBl Evs VA . oel+ ES

[ 350 ([ a5 e paltr ') o+ 0(a%)

where,

V(1) = va(r) + Vems | B, P83 v (r)

nad r.r M
fet Lo pel (r, ) dp(r)op(r’)

and where Ap is the "dynamic” correlation correction to
density and to energy in the aUX|I|ary Nj-electron system defined by a fixed external
potential v/(r).

(dynamlc)(r) — Ec(dynamlc)

The equality holds if the embedded multi-reference wavefunction is obtained
variationaly and at self-consistent embedding potential!
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Variants of FDET

Density functionals defined in constrained search

FDET for variational methods

I A) Interfacing FDET with methods to generate £ and v

initial Vert[04]

B) Variational method
'SCF, CAS, MCSCF, truncated Cl, ...

pa(r) Veat[p)

2

B) L ing Vet (1) till self:

pFDET(FS) ('
Eory [4

pa(r)

v

C) Non-variational method
MPn, CC, CASPT2, ...

D) Energy (Eq. 38) v v

EUt+ ool = BERENCSW0 ool 4 B~ [ o(e) ([ Sob) 25150 ol ) e

Geneva:
A. Zech
C. Gonzalez-
Espinoza

Heidelberg:
A. Dreuw
S. Prager
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Upper bound of ESAB from FDET

d

. . X s =
Approximations for numerical applications ¢ nad
PP PP App [pa, pB] component of E2%[p 4, pg]

N-representability of the target density in Frozen-Density Embedding Theory based
methods: Numerical significance and its relation to electronic polarisation

Ricardi, Gonzalez-Espinoza, & Wesolowski, J. Chem. Phys. 157 (2022) 064108
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Upper bound of E‘(/)AB from FDET
Excited stat )
Approximating the T"?%[p, pg] component of Eﬂ’{“[/r_\, o8l

Approximations for numerical applications

The basic FDET equality yields only the upper bound of E?

VAB®

Error due to the choice of pg

i ESDFT (Wa, pg] = ELDFT (W3, pg] = ES (04 + pB] > EN (03] = EY

Is AE = Eg'; [0S + pB] — Ejj;; [0%5 numerically significant if one takes as pg the
density of isolated molecule B?

Numerical examples:
FDET-MP2 variant of FDET and E"9[pa, pg] ~ EZ¥PYp4, psl]

xct
Ricardi, Gonzalez-Espinoza, & Wesolowski, J. Chem. Phys. 157 (2022) 064108
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Upper bound of ES from FDET

1 states

Approximations for numerical applications : d 5 =i
PP PP Approximating the T2 [p4, pg] component of E‘_i’,d[/r_\. pBl

7HQ 2MeOH 7HQ formate
. 225 =
*
° °
° P °
EMP
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.00 0.05 0.10 0.15 0.20
Mfa.u] Mfa.u]
uracil 5H20 PyrBnz 2HCOOH
25.0
=30.0 A
A
—32.5
-35.0 * °
° °© e

—37.5 °

10.0

—37.5
12.5
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20
Mfa.u] Mfa.u]

Ricardi, Gonzalez-Espinoza, & Wesolowski, J. Chem. Phys. 157 (2022) 064108
FDET-MP2 Interaction energy Ej,; and the measure of non-negativity violation M for FDET calculations using
~isol

different pg: ,5‘.03’Jr (light blue), 53” (red) and polarised by electric field ﬁ’gePOI (dark blue). Horizontal lines are

reference MP2 interaction energies.
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Upper bound of EP 5 from FDET

Excited states

Approximations for numerical applications d 5 =i
PP PP Approximating the T2 [p4, pg] component of '3 [p 4, pg]

FDET for excited states

@ Non-interacting Hamiltonian: LR-TDDFT

T.A. Wesolowski, J. Am. Chem. Soc.,126 (2004) 11444
M.E. Casida, T.A. Wesolowski Intl. J.Quant. Chem. 2004, 96, 577

@ Interacting Hamiltonian: Levy-Perdew theorem on extrema of E/™<[p]

T.A. Wesolowski, J. Chem. Phys., 140 (2014) 18A530
A. Zech, F. Aquilante, T.A. Wesolowski, J. Chem. Phys., 143 (2015) 164106
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Upper bound of EP 5 from FDET
Excited states o
Approximating the T2 [p4, pg] component of '3 [p 4, pg]

Approximations for numerical applications

FDET eigenvalue equation might have more than just one stationary solution k > 0

Vemb

[Tvn + Ve, + Va + 0EDET ()] wh = aews

AFDET k FDET
Vemb (WA) =  Vemb [/)AMDBvVB]()

— s [ 22 g TR 0o

p(r)=ph()=(VKIAIVE)

\Ilf\ for different k are obtained with different embedding potential. They might be

non-orthogonal. This undesired feature can be eliminated through the linearisation of

E [p, pel:

24 [, pg] ~ Efo (™ [p pl\ef,ps] = E27 [0°, pB] + / vizd [0, pg) (p — p°) dr

T.A. Wesolowski, J. Chem. Phys., 140 (2014) 18A530
A. Zech, F. Aquilante T.A. Wesolowski, J. Chem. Phys., 143 (2015) 164106

In pa-linearised FDET: < W/, |W) >=¢;, and E/ — E/ = X/ — \/I
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Upper bound of EP

from FDET
B

Excited states

Approximations for numerical applications

2 “
N M OH
1 o
1
2 M i) 10
3 N,
-y N 4
. N,> \ /
4
s "
6 7 8
o R
R o NNy
g
| " ’ ) O
3
R s
N
N P

Figure 1: Chromophores considered in this work are (1) 7-hydroxyquinoline, (2) xanthine,
(3) xanthinide, (4) 2-aminopurine, (5) 7-methyl-2-aminopurine, (6) pyridiniumyl benzimida-
zolide, (7) diketopyrrolopyrrole, (8) uracil, (9) benzaldehyde, (10) 4-dimethylaminopyridine,
(11) 7-Amino-4-methylcoumarin and (12) benzene.

Approximating the T,

v

nad

[pa, pB] component of EJ%

(H20), n=1,10
(NH3)n, n=1,4
mixed (H20, NH3)

(HCOOH),,, n=1,2

(MeOH),, n=1,3

formamide, formimidamide, guanidine,
acetamide, pyridine, HCOO —

Statistics: 351 electronic excitations

Ae — ADCR) _ ADC(2)
complex chromophore
S — (FDET/ADC(2) _ ADC(2)
Ch E(:om;:a/ex complex

ME=39meV (0.9kcal/mol),
SD=43meV (1.0kcal/mol)

A. Zech, N. Ricardi, S. Prager, A. Dreuw & TAW., J. Chem. Theor. & Comput. 14 (2018) 4028
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Approximations for numerical applications

Upper bound of EP . from FDET
Excited states
Approximati 1ad[p A, pg] component of EM2%p 4, pgl

Benchmarking vertical excitation energies

The lowest n-rr« and rr-rr+ excitatati

FDET(mon)
FDET(sup)

A

for XH-27 benchmarking set
T

15}
10F O
o
-
ﬁ 05
<
0.0
18

A. Zech, N. Ricardi, S. Prager, A. Dreuw & TAW., J. Chem. Theor. & Comput. 14 (2018) 4028

0.0

A(ra)
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Upper bound of EP i from FDET
Excited states ‘

Approximations for numerical applications d ¢ —nad
PP PP Approximating the T2 [p 4, pg] component of E2%[p 4, pg]

Excitation energies of embedded chromophores from Frozen-Density Embedding
Theory using state-specific electron densities of the environment

M. Fu &T.A. Wesolowski, J. Phys. Chem. A., 127 (2023) 535
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Upper bound of EP i from FDET
Excited states '

Approximations for numerical applications d 5 =i
PP PP Approximating the T2 [p4, pg] component of E‘_i",d[/r_\. pBl

Levy—PerdewTheorem

X ‘a[ﬁ’«‘{jmﬁ-i’"}’z‘imn]
& .
i AE; = E k[P + gl — E kP2 + pB]
Poay ™ AB AB
Fu&Wesolowski2022
Wy
O\d b % ~= 1 ref F# o OA2
o = ¢jlea’ > Pgs B> vaBl + O(Ap)
-0.001 +0.001
l
— ref j ref j
€j = )‘j[PA VPJB] = Xolpn »PJB]
s
’
b (080 | LRI pl| 00 = (0 |+ oLRETIT. ogl| 07 ) + S - S,
€
J
£y, nadp ref £y nadp ref dy ref dp ref
= ([ e dhedr— [ o v R gl + B sh) - BT o)
EJ-D EJ-E
HK HK
+  EIrk) — EJI0R]+ Valo] — Valog)
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Upper bound of EP i from FDET

. . . s Excited states
Approximations for numerical applications

Approximating the T"""/[/,h\_ pB] component of E'“d[

P, PB]

State pp-polarising field excitation energy
specificity avarage error (eV)

-
Y No none 0.0468-+£0.0414
> No isolated chromophore
in ground state 0.0395+0.0322

Yes isolated chromophore 0.0384+0.0337
in the corresponding state

@
' Yes embedded chromophore 0.0300+0.0258
{} " f > in the corresponding state

() pyrimidine(+:0) 4) xanthine(MeCN) In state specific case, Eq. 14 from Fu&Wesolowski, JPCA 2023 was
used for AE;. In state-non-specific case AE; = A; — Ag.

: x
¢ g
fr. O Protocol A &

O Protocol D g
2 Protocol E @g 1] ©

®) ®) %

.“{9 R §g§%§ @9&

@ © 9% § 2 00w
. 3 o v O @& om O g @ﬁ
é 3 o0 O
‘é\ _é} " ool
> ' 0.100 @i
¢ 0.12 0.10 0.08 0.06 0.04 0.02

FDET shift (eV)

(9) uraci(5H:0) (10) 7-hydroxyquinoline(MeOH) 03 02 01 00 0l
reference shift (eV)

June 21-24, 2023
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Upper bound of EP”_‘ from FDET
Excited states ’
a

Approximations for numerical applications AR EdinG dhe Tsnad[/?A; orel] e G E)?ctd [

Improving upon local density approximation for vt"ad[pA,pB]

@ Problem detected and reported:
Frozen Density Functional Approach for ab initio Calculations of Solvated
Molecules [Wesolowski & Warshel, J. Phys. Chem. 97, (1993) 8050]

@ Attempted solution:
Orbital-free effective embedding potential at nuclear cusps
[Lastra et al., J. Chem. Phys. 129 (2008) 074107]

@ Solution found for v/2[p4, pg] but not for T [p4, pp]:
A non-decomposable approximation on the complete density function space for
the non-additive kinetic potential [Polak et al., J. Chem. Phys. 156 (2022) 044103]

@ Solution found for v/2?[p4, pg] and T2 [pa, pg]:
Symmetrized non-decomposable approximations of the non-additive kinetic
energy functional [Polak et al., J. Chem. Phys. 158 (2023) 17410]

QIF23 Lédz, Poland, June 21-24, 2023



Upper bound of EP”_‘ from FDET
Approximations for numerical applications Btz SEiE '
PP PP Approximating the T""d[pA pB] component of E, xct [/’A pBl

Statement of the problem

Let us consider two subsystems comprising Nag-electron system partitioned into Ny
and Ng consistently with the number of electrons upon separation of the two

subsystems.

GEDET o, o, v () = vi(7) + / e dr + 974, ps](7)

Vemb

(4] veF,EET[pA,pB, vg](F) has a singularity at each nucleus due to vg.

@ What if:
A The used approximation for v [pA, pg] is such that the singularity due to vg
remains negative and the total embedding potential has a bound state. and
B The energy of this bound state is lower that that of one of the occupied
orbitals obtained in the FDET eigenvalue equation.

Case B is in contradiction with our assumption that the partitioning Nag = Na + Ng

correspond to the dissociation limit.
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Upper bound of EP”_‘ from FDET
Approximations for numerical applications Btz SEiE '
PP PP Approximating the T""d[pA pB] component of E, xct [/’A pBl

Challenge for #2[pa, pg)

Case B is not hypothetical: both exact v”ad[pA,pB] and Coulomb component of

ej':,r?fT[pA,pB, vg] are finite the nuclei. V:ad LDA)[pA, pg] is also finite.

T (o p. vel(F) = va(®) + ﬁﬁ 2o, 51)

Challenge for ¥/2[p, pg]:
It is the only component of v 3 9[pa, ps] that can stop such an artificial transfer of

electrons from A to B.

Remark:
In QM/MM practice this problem is usually pragmatically avoided by not using any

basis sets centered on atoms in the environment. A proper theory should yield

meaningful solutions for a complete basis set!
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Upper bound of E®  from FDET

Excited states
Enad

Approximations for numerical applications AR EdinG dhe Tsnad[ﬂA; pg] component of E™29[54. pg]

Exact relation for the functional v/2[p,, pg](r)

For [ pg(r)dr =2 and pa(r) — 0

imii 1V2pg | 1|Vpsl
o, pa1() — v pp]() = 3 8 2
: : 4pp(r) " 8 (1)

Lastra et al., J. Chem. Phys. 129 (2008) 074107

This property of v'?[pa, pg](r) cannot be reproduced by any decomposable
approximation based on gradient-expansion approximation! But it is highly desirable.

constant  repulsive

~ = ~~
- 2 2 <2 ¢
nad(limit) V<pp [Vesl > 4 2
2 r

Vi [peé(p](r) = 7% pe(r) +% sz(r) = -

if pg¥(r) = Aexp(—2¢r)
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Upper bound of EP”_‘ from FDET
Approximations for numerical applications Btz SEiE '
PP PP Approximating the T""d[pA pB] component of E, xct [/’A pBl

Our first attempt: NDSD approximation

~nad(NDSD) d(LDA imi
tha ( na )[pA7 PB] + fNDSD(pB)V}m“t [pB]

N[pa, pg] =

d(TF) 2/3
with Vna Mo, pel = 3 3CrF ((PA +p8)*% — /JA/ )

differential operator

e N
1V2pg Elvﬂs\z
RYCRE p3(r)

thad(limit)[pesxp](r) _

undesired  gegired

5 N
= —% + E if peXp( r) = Aexp(—2Cr)
r

[Lastra et al., J. Chem. Phys. 129 (2008) 074107]
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Upper bound of EPH—‘ from FDET
E states ’
Approximating the Ts“"d [pa,s pB] component of E""td [pa, pB]

Approximations for numerical applications
XCi

The follow up: Part |

The differential operator
Dy[p] = |Vpl|* = vpV?p

corresponds to v:ad(/imit) [Pl if v = 2.

The analysis of spaces solving the homogeneous differential equation
Dy —2[p] = 0 involves functions which cannot be electron densities.
Only if v = 1, the solutions of D [p] = 0 are exponential densities,

i.e. the functions covering completely the space of molecular electron
densities.

NEW non-decomposable approximation:

does not contain the undesired constant!

nad(TF

~nad(NDCS
gpadl o, pg] = vi

! fNDCS(

N[oa, ps] + pg) - Dy—1lpg]

Polak et al., J. Chem. Phys. 156 044103 (2022)
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Upper bound of EPH—‘ from FDET
Excited states ’
Approximating the Ts“"d [pa,s pB] component of E):"ftd [pa, pB]

Approximations for numerical applications

Differences between subsystem DFT density and the reference Kohn-Sham density

1 1
1/2,2 512 512
(pa + P& — prer) 2l :/(\(pA+pB — pref) 21+ IV(pa + pB — Pref) 2 | )

optimisation of p4 and pg with various V;’ad[pA, pBl
A B TE GEA2  NDSD NDCS (o5 + P — prer)t/2 |12
Lit H,O 00620 01227  0.0508 0.0447 0.3675
Be’t  H,O 05149 07205  0.3951 0.2422 1.0457
Na* HO 00200 0.0711  0.0174 0.0168 0.2879
Mgt H,O  0.0942  0.2487  0.0695 0.0489 0.7177
K+ H,O  0.0678 - - 0.0322 0.2418
Rb* H,O 04049 05185  0.5461 0.4906 0.6546
Lit CO, 00316 00797  0.0273 0.0270 0.4544
K+ CO, 00197  0.0630 - 0.0173 0.2926
Lit Fa 0.0279  0.0463  0.0222 0.0205 0.3031

TFand GEA2 denote the approximation for Ts[p] used in decomposable approximations for thad [ea, Pl
NDSD and NDCS are not decomposable.

Polak et al., J. Chem. Phys. 156 044103 (2022)
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Upper bound of EPH—‘ from FDET
Excited states ’
Approximating the Ts“"d [pa,s pB] component of E):"ftd [pa, pB]

Approximations for numerical applications

Differences between subsystem DFT density and the reference Kohn-Sham density

122 _

Nl

1
512
o+ pe = )21 = [ (160a-+ 08 = prer)2 12+ 19004 + 08 = prr)

)

optimisation of p4 and pg with various V{’ad[pA, pB]

A B TF GEA2  NDSD NDCS (P53 + P — prer) /2|12
H,0 H,O 00210 00311  0.0209 0.0224 0.0914
Lit F™ 0.2044 02839  0.1670 0.1465 0.4440
Lit CI— 02623 03788  0.2148 0.1843 0.6088
Lit Br— 02060  0.4300  0.2440 0.2075 0.6736
Na* F™ 0.0601  0.1583  0.0578 0.0479 0.3592
Na* C— 00619 01893  0.0505 0.0416 0.5231
Na® Br— 00615 02071  0.0490 0.0404 0.5926
Be?t 0%~ 11169  1.2709  0.9723 0.8114 2.1072
Mg2t 0%~ 02088 05172  0.2205 0.1531 2.1176
HF HF 0.0537  0.0441  0.0539 0.0591 0.1504
K+ a- -2 -2 -2 0.1969 0.4279
K+ F™ -2 -2 -2 0.1929 0.4916

Polak et al., J. Chem. Phys. 156 044103 (2022)
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Upper bound of EP”_‘ from FDET
Excited states ’
Approximating the Ts""d[ﬂA, pB] component of E):"ftd [pa, pBl

Approximations for numerical applications

Decomposable 729 [pa, pg] vield symmetric fs"ad[pA,pB].

'T'S"ad(NDCS) [pa, pB] corresponding to vt"ad(NDCS) [pa, pB] might not be symmetric.
And it is!
Complex Interaction energies from subsystem DFT

A B ENeloa, pe] EneClos, pal Eie
Lit H>O -39.82 -37.90 -37.48
Lit CO2 -21.87 -20.72 -21.47
Lit F~ -194.80 -188.32 -187.56
Lit Cl~ -162.07 -157.22 -153.57
Lit OH~ -195.79 -189.80 -191.69
K+ F- -131.51 -140.90 -141.83
K+ Cl~ -112.80 -119.64 -116.62
K+ OH™ -138.21 -140.80 -142.08
Mgt 02— -696.66 -670.52 -666.35
Mg2t  H20 -87.24 -83.96 -85.21
Be?t 02~ -947.31 -883.99 -857.56
Be2t H2O -176.28 -153.96 -149.97

Polak et al., J. Chem. Phys. 158 (2023) 17410
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Upper bound of E,U”_‘ from FDET
Excited states :

Approximations for numerical applications AR EdinG dhe T""d[pA 1] @ EETER: f Xct [ﬂA ol

nad(NDCS) [P 0B ]

Symmetrisation of 7.

@ Straightforward solution:

= nad(NDCS = nad(NDCS 1 = had(nDCs.
e T PN S K )[PAva]JrETSna( ™ o, pe]
with
= nad(NDCS. d(NDCS) d(NDCS)
FrdNDCSm ) pg] = TN oy pg] - T los, pal
But this would mean modification of the potential:
~nad(NDCS)
. nad(NDCSsym) grad(NDCS) T, [pB pal
Vi [oa, pB] = [oa, pB] + .
0pa
@ Our solution [Polak et al., J. Chem. Phys. 158 (2023) 17410]
d(NDCS)
nad(NDCSsym) Fnsd(NDCS) sym 5T o8, /’A]
¥ o4, p5] = loa.pol+ €™ [ patte 0L g

and choosing the constant C*¥™ to yield the first-order correction to
Vnad(NDCS)
S

[pa, pg] making the whole functional symmetric.
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Upper bound of EPH—‘ from FDET
Excited states ’
Approximating the Ts“"d [pa,s pB] component of E):"ftd [pa, pB]

Approximations for numerical applications

Interaction energies from subsystem DFT [kcal/mol]

Complex TF sym-NDCS KS

Lit HO -40.66 -39.02 -37.48
(8.48) (4.11)

Lit COo -22.41 -21.39 -21.47
(4.37) (0.37)

Lit F -196.75 -192.04 -187.56
(4.90) (2.39)

Lit Cl™ -164.08 -160.05 -153.57
(6.84) (4.22)

Lit OH™ -197.09 -193.20 -191.69
(2.82) (0.79)

Kt F . -136.94 -141.83
(3.45)

KT cl1- . -116.77 -116.62
(0.13)

KT OH™ . -139.80 -142.08
(1.61)

Mg2t 02~ -691.91 -684.44 -666.35
(3.84) (2.71)

Mgt  H,0 -89.21 -85.94 -85.21
(4.69) (0.85)

Be2* 02— -954.86 -920.58 -857.86
) (11.31) (7.31)

Be2t Ho0 -186.51 -167.41 -149.97
(24.36) (11.63)
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pp from various " physics”

Combining physical laws for different scales in FDET

continuum at scale of A atomtype

< PB > statistical ensemble(r) = Z /P (I’ )p (I’ —-r )

Kaminski et al. J. Phys. Chem. A 114 (2010) 6082

Zhou et al. Phys. Chem. Chem. Phys.13 (2011) 10565 P from 3D-RISM
Shedge et al. Chem. Phys. Chem. 15 (2014) 3291

Lyaktonov et al. Phys. Chem. Chem. Phys.(2016) 18 21069

Gonzalez-Espinoza et al. J. Chem. Theor. & Comput.18 (2022) 1072 P from classical MD
Ricardi et al. J. Chem. Theor. & Comput. (2023) in press

Gonzalez-Espinoza et al. to be published } P from MolecularDFT

Ricardi et al. Acta Cryst. - Foundation and Advances A76 57(2020) } P from X-ray diffraction
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pp from various " physics”

Multi-level simulations based on Frozen Density Embedding Theory
FDET for excitation energies of embedded chromophores

Solvatochromism
Implicit treatment of the solvent in FDET
(embedding potential evaluated at averaged solvent density <pg>
[Kaminski, Gusarov, Wesolowski, Kovalenko, J. Phys. Chem A, 114 (2010) 6082

a->* transition in coumarin 153
[X. Zhou, J. Kaminski, Wesolowski, Phys.Chem.Chem Phys., 13 (2011) 10565]

Water 78 -0.29 -0.27
Methanol 33 -0.24 -0.24
Ethanol 25 -0.21 -0.24
1-propanol 20 -0.20 -0.23
2-propanol 20 -0.18 -0.23
Dimethyl 4 -0.11 -0.10
Cyclohexane 2 0.00 0.00

QIF23 tédz, Poland, June 21-24, 2023



pp from various " physics”

‘— Agg Mean = = Agg. Stdev @ s

Averaged electrostatic potentials from MD
Nframe = 100

Number of frames 500

Tframe = *

T2 4 6 8 10

[C.E. Gonzalez-Espinoza, C. Rumble, D. Borgis, and T.A.

Wesolowski, J. Chem. Theor. & Comput. 18 (2022)

Ngrame = 1000

1072 15
1 015 2 3 1 5
Sample #

QIF23 tédz, Pola June 21-24, 2023




pp from various " physics”

Aminocoumarin 153 in water

< pg > (MD)

< pg > (MolDFT)

QIF23 tédz, Poland, June 21-24, 2023



pp from various " physics”

Aminocoumarin 153 in water

Total solvent charge (MD) Total solvent charge (MolDFT)
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pp from various " physics”

Aminocoumarin 153 in acetonitrile

Total solvent charge (MD) Total solvent charge (MolDFT)

7 R
5
) o

% %
“ : \
o1 .

u) Charge Density (a%d%)
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pp from various " physics”

Aminocoumarin 153 in water

Total solvent charge (MD) Total solvent charge (MolDFT)
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pp from various " physics”

Aminocoumarin 153 in water

< pg > from MoIDFT Total solvent charge (MolDFT)

QIF23 Lédz, Poland, June 21-24, 2023



pp from various " physics”

Aminocoumarin 153 in acetonitrile

pg from MolDFT Total solvent charge (MolDFT)

QIF23 tédz, Poland, June 21-24, 2023




pp from various " physics”

Structuring effect of the chromophore on the solvent

< pg > (acetonitrile) < pg > (water)

0.06
0.02
-0.02
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pp from various " physics”

Structuring effect of the chromophore on the solvent

Total solvent charge

(acetonitrile) Total solvent charge (water)

1 2
3.000e-02
5.000e-02
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pp from various " physics”

Performance of < pg >"PFT in FDET

Table: Vertical excitation energies shifts (in eV) for acetone and C153.
Excitation energies of the chromophores in vacuum are 4.270 eV
(acetone) and 3.135 eV (coumarin C153).

Acetone C153
Source of (pg)ens | Water ACN | Water ACN
MDFT 0.239  0.099 | -0.250 -0.120
MD 0.230 0.118 | -0.202 -0.097

Gonzalez-Espinoza, Rumble, Borgis, Wesolowski, to be publisjed
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pp from various " physics”

< pg > from molecular crystals

Embedding-theory-based simulations using experimental electron densities for the
environment

[N. Ricardi, M. Ernst, P. Macchi, and T. A. Wesolowski, Acta Crystallographica -
Foundation and Advances A76 57 (2020)]

QIF23 Lédz, Poland, June 21-24, 2023



pp from various " physics”

FDET with pg taken from molecular crystal of glycylglycine

n-rt« excitatations for chromophare +GlyGly complexes
M / sl o HFm RER
M dhe ! Y Yil ) o O X-ray(10)
J? : o5l o X-ray(0.25) o é ]
acetone1 acetone2 o MPm . L
| , 04 - Diag L ’ ]
"J glycylglycine 3 ti 03F - a @ % 1
acroleint acroleinz a %
02 4
‘! I Y 1 b ,l ’ 0l 1
: acrolein3 acrylic Aﬂcid ‘| L L L L L L In|
0. 01 02 03 04 05 06
»{ vt S i1 Complexation effect on vertical excitation energies:
aerylic acid 2 acrylc acid 3 "Embedded ADC(2)" vs ADC(2) for with various

choices for pg(T)

Ricardi et al. Acta Crystallographica - Foundation and Advances A76 57 (2020)
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pp from various " physics”

The Team and Collaborators

The Team

@ Dr. Cristina Elisabeth Gonzalez Espinoza
approximations, multi-scale methods, code
development and integration

@ Dr. Alexander Zech
linearized FDET, code development

@ Mr. Elias Polak
NDCS

@ Ms. Mingxue Fu
TPA,state specific pg
@ Dr. Nicolo Ricardi
electronic excitations, experimental pg

@ Mr. Yann Gimbal-Zofka
EFG,polarisation of pg

It ions: A.D Heidel I. Schapi Tel
Collaborations: reuw (Heidelberg), |. Schapiro (Tel @ Mr. Tanguy Englert
Aviv), D. Borgis (Paris), C. Rumble (Philadelphia), P. NDCS
Macchi (Milan), M. Kowalska (UniGe-phys/CERN), M. www.unige.ch /sciences/chifi /wesolowski/

Gander (UniGe-math)
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