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Motivation

The need to overcome the drawbacks of currently used DFAs
- Efficient description of strongly interacting electrons

(molecular dissociation, Mott insulators, etc.)

Goal
Achieve a more accurate formalism than approximate density
functionals, but less computationally demanding than ab initio
wavefunction-based methods



Outline

• Introduction to the Natural Orbital Functional Theory (NOFT)

oReduced Density Matrices (RDMs)
oN-representability
o2RDM reconstruction in terms of 1RDM: :  ![#$, #&, #', #(]
o Electron-pairing-based NOFs → GNOF

• Born-Oppenheimer Molecular Dynamics (BO-MD) based on an 
accurate NOF approximation (GNOF)



General considerations

• N-electron system at 0 temperature
• The ground state (GS)
• Non-relativistic spin-free N-electron Hamiltonian:
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()%* ()% : Fermion creation (annihilation) operators associated 
with the complete orthonormal spin-orbital set { ⟩|0 }

• !", :;- = 0, !", :;= = 0 ⟹ ; ≠ 0:    GS is a multiplet



• The N-electron system in a mixed state (ensemble) is described by the
N-particle density matrix statistical operator:
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• The energy is an explicitly functional of the 1- and 2-RDMs:
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RDM’s general properties: Hermiticity, Nonnegative diagonal elements, ...



Universal 1-RDM Functional:

1. Limiting situations    ⇒ minimization can be exactly solved. 
In general, constrained search is not appropriate for computation

2. has been unreachable so far  ⇒ We have to settle for approximations



Spectral decomposition of the 1RDM:  

natural spin-orbitals         {"#}:  occupation numbers

• The 1RDM in the natural orbital (NO) representation:   Γ&# = "#(&#

• Ensemble N-representable 1RDM:      0 ≤ "# ≤ 1 , ∑# "# = N

• The universal functional in NO representation:



Approximate 2RDM:  ![#$, #&, #', #(]

• Vee will not, in general, be entirely rebuilt
• An approximate NOF still depends on D

The N-representability is twofold:

1) N-representable 1RDM                                   2) N-representable Functional

• For the 2RDM, a complete set of N-representability conditions that do not depend 
on higher-order RDMs remains unknown.

Alternative: Use the (2,2)-positivity conditions ! ≥ 0, , ≥ 0, - ≥ 0



Singlet State in a two-electron system

• Exact Wavefunction & Energy (Lowdin & Shull 1955)

Phase Dilemma: # of possible {"#} combinations is prohibitively large

• NOF:

Accurate NOF ⟹ Motivation for using electron-pairs as basic units!



Electron-pairing-based NOFs for N electrons:
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I. PNOF5, PNOF6, PNOF7 [Phys. Rev. Lett. 119, 063002, 2017] 

Static electron correlation

II. GNOF [Phys. Rev. Lett. 127, 233001, 2021] 

Static + Dynamic electron correlation

The adjective ‘global’ is used instead of ‘universal’:  GNOF ≠ Valone’s exact.













Comparison with the experimental data





Benchmarking GNOF against FCI in one, two and three dimensions

I. Mitxelena & M. Piris, J. Chem. Phys. 156, 214102 (2022)













Born-Oppenheimer Molecular Dynamics based on GNOF

Alejandro Rivero



• In BOMD calculations, the set of nuclei are propagated according to classical equations 
of motion, on the potential energy surface (PES) obtained by on-the-fly solution of the 
quantum-mechanical electronic structure problem

• BOMD is, by definition, the true classical dynamics on the BO PES, assuming that the 
electronic problem is solved exactly (within a given model chemistry) at each time step

• Energy conservation is clearly a desirable feature
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MO-LCAO: ,

The analytic energy gradients with respect to nuclear motion  

, (density force)

→



Speed 16x

O(1D) + H2(1Σ)            OH(2Π) + H(2S)

Ek = 0.056 eV
∆t = 0.2 ps

Rini = 10 Å



Si(3P) + OH(2Π)             SiO(1Σ) + H(2S)

Ek = 7.7 eV
∆t = 0.5 ps
Rini = 10 Å

Speed 16x



NH(3Σ) + NH(3Σ)            N2(1Σ) + H(2S) + H(2S)

dt = 1 fs
Rini = 10 Å Speed 2x



NH(3Σ) + NH(3Σ)            N2(1Σ) + H(2S) + H(2S)

dt = 1fs
Rini = 10 Å Speed 2x



Donostia Natural Orbital Functional Program

https://github.com/DoNOF/DoNOFsw

• Unconstrained Occupancy Optimization
• Self-consistent iterative diagonalization procedure for NOs
• Geometry optimization (analytic gradients)
• Harmonic vibrational frequencies (numerical Hessian)
• Natural and canonical representations of molecular orbitals
• Ionization potential using extended Koopmans’ Theorem (EKT)

More details in https://donof.readthedocs.io/

https://github.com/DoNOF/DoNOFsw
https://donof.readthedocs.io/


TAKE-HOME  MESSAGES

• Approximate NOF still depends on the 2RDM:
Functional N-representability

• GNOF: recover dynamic and non-dynamic electronic correlations

• BO-MD based on GNOF

Thank you for your attention !!!


